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u = 50, a questão coloca-se em termos de considerar o critério minimização
da probabilidade de ruína ou maximização do lucro esperado retido.

Figura 3-12 b = 0.1.

Figura 3-13 b = 1.
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Figura 3-14 b = 2.5.

Figura 3-15 b = 5.

3.5.1 Conclusões

Analisando os resultados obtidos para os dois casos, observa-se gra�camente
que, a expressão (21) é mais in�uenciada pela probabilidade de ruína quando
os valores de b são baixos e mais in�uenciada pela perda de lucro por ter feito
resseguro quando o b é próximo do limite superior, como seria de esperar.
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Observa-se também que, de um modo geral, no caso da reserva inicial
ser 50 o b escolhido tem pouca in�uência, pois o limite de retenção óptimo
atendendo a este critério é o M#3 ou muito próximo deste.

Os resultados obtidos por este critério dependem do decisor em duas
situações; na escolha do M#3, como se viu na secção 3.4 e na escolha de
b, isto é, do peso que atribui à perda de lucro com o resseguro, atendendo
aos acréscimos de probabilidade de ruína versus acréscimo de lucro esperado
retido.

Comparando a combinação C2 e a C4, quando se considera a combinação
C2 a probabilidade de ruína, não varia tanto com b e u quanto na combi-
nação C4, mas como se pode observar os valores da probabilidade de ruína
atendendo a esta última combinação são mais baixas, decrescendo ainda mais
com u.

4 Conclusão

Pretendeu-se encontrar uma solução intermédia para os decisores menos aves-
sos ao risco, que queiram atender também à expectativa de lucro para além
da probabilidade de ruína, na determinação do valor óptimo do limite de
retenção, M .

Conclui-se que, a opção entre os critérios de determinação do limite de
retenção óptimo está relacionada essencialmente com o nível de reserva inicial
da seguradora, isto é, para uma reserva inicial baixa a utilização dos critérios
clássicos é a opção mais correcta, quando a reserva inicial é adequada observa-
se que o critério minimização de Ψre(u) + b[E[W ]−E[Wret]] apresenta bons
resultados na escolha do limite de retenção óptimo, podendo o decisor optar
entre os critérios clássicos (minimização da probabilidade de ruína ou na sua
versão mais prática a maximização do coe�ciente de ajustamento) e este.
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ABSTRACT

The aim of this study is to present a comparison of the results of the im-
munisation of a Workers' Compensation Pension Fund in Portugal obtained
by using a deterministic model with those obtained by using a stochastic
model developed by Longsta� and Schwartz (1993,1992).

We observe that the use of a mandatory interest rate of 6% and the
French Mortality Table TV 73-77 to calculate the liabilities, as obliged by
law, undervalues the real amount of the pension �ows. This is because the
upward and downward movements of the interest rate are parallel and a�ect
simultaneously all the terms of the structure of the interest rate.

Therefore, we recalculated these obligations using the Longsta� and Sch-
wartz model, in which the variations of the interest rate are stochastic, and
we conclude that the amount of the liabilities is higher than that resulting
from the deterministic model, due to the volatility of the short-term interest
rate.
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1 Introduction

In Portugal, Workers' Compensation insurance is a legal obligation on the
part of employers (included in the Social Security bene�ts). Employers are
obliged to transfer liability as de�ned by law to bodies authorized and spe-
cialized in the management of this form of insurance (i.e. general insurance
companies - third-party liability insurance), should the former lack su�cient
funds to assume, on their own account, the cost of temporary or permanent
physical disability arising from accidents in the work-place. Likewise, as of
1 November 1999, the self-employed are obliged to abide by the same legal
requirements.

The insurance guarantees that those insured are covered for accidents
that occur as a consequence of their carrying out their occupational activity.

The purpose of the coverage is to assure the conditions of survival and
recovery of the victims of an accident, as well as the welfare of their relatives.

As a consequence of the accident, the worker can die, be temporarily disa-
bled or acquire a permanent disability. In the �rst case, his/her relatives will
be entitled to receive either a lump sum or a life annuity. In the second case,
the injured person will receive an allowance for temporary incapacity to work
and also medical, surgical, pharmaceutical or other care, if needed. In the
latter case, the injured will also receive a pension. Workers' Compensation
contracts are drawn up company by company, regardless of the number of
employees to be covered, and premiums are negotiated case by case.

A Workers' Compensation fund aims to provide compensation for disa-
bilities su�ered, by means of bene�t payments as de�ned by law, which, in
the case of permanent incapacity, can only be attributed in the form of a
pension for life1, decided by the Labour Tribunal and which, on reaching
the age of retirement, continues to be paid in addition to the State Social
Security pension.

Should the accident result either in a permanent reduction of the injured
party's work-or earning-capacities or, indeed, the death of the victim, then
Decree-Law number 100/97, 13.9, stipulates an entitlement to speci�ed be-
ne�ts (i.e. pensions) to the victim or his/her surviving marital partner. This
bene�t is annulled in the event of remarriage.

1 In fact, it is an annuity calculated as in life assurance, taking into account the age of
the bene�ciary and a mortality table.
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These pensions can, under certain, stipulated circumstances, also be attri-
buted to surviving, dependent parents and/or children of the deceased.

The e�ects of the variations of the interest rate on the duration of the
liabilities of a general insurance company, were analysed by Babbel and Klock
[1994]2, identifying and quantifying the cash-�ows of the liabilities based on
the application of the development factors of the reserves. They propose the
calculation of modi�ed duration of the liabilities, based on the de�nition of
transformed cash-�ows. This methodology was also applied to the Workers'
Compensation business, taking into consideration the long-term nature of
the insurance company's commitments, namely, in the pensions domain, in
which the duration of the liability is, obviously, unspeci�able.

Therefore, it is crucial to analyse the conditions for the immunisation of a
mutual fund for Workers' Compensation in Portugal, based on the determi-
nistic principles proposed by Redington [1952]3 and revised by Boyle [1976]4

for the hypothesis of stochastic movements of the interest rates in accordance
with the modelisation by Cox, Ingersoll and Ross [1979]5.

These results will subsequently be compared with the model by Longsta�
and Schwarz [1992], which considers two factors in the structure of the inte-
rest rate, namely, the inherent dynamics of the short-term interest rate and
its volatility.

The present work is organised as follows:
In section 2, we analyse the e�ects of the changes either in the mortality

rate or in the interest rate, which, in turn, determine changes to the cash-
�ows and to the measures of duration and convexity in a deterministic model.
In section 3, the deterministic model of immunisation of a Workers' Compen-
sation fund is proposed, with the inclusion of an empirical application. This
model is compared with the stochastic models of Cox, Ingersoll and Ross and
of Longsta� and Schwarz in section 4.

The data and the methodology are explained in section 5 and an empirical

2 Babbel, D. and D. Klock (1994), Measuring Interest Rate Risk of Property/Casualty
Insurers Liability in “Insurance, Risk Management, and Public Policy” Gustavson and
Harrington editors, Kluwer Academic Publishers.

3 Redington, F. M. (1952), “Review of the Principles of Life-O�ce Valuations”, Journal
of the Institute of Actuaries, 18, pp. 286-315.

4 Boyle, P. (1976), “Immunisation under Stochastic Models of the Term Structure”,
Journal of the Institute of Actuaries, Vol. 105, pp. 177-187.

5 Cox, J., Ingersoll, Jr. and Ross, S. (1979), “Duration and the Measurement of Basic
Risk”, Journal of Business, 52, Nº1, pp. 51-61.
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application of the stochastic model to a real fund is presented in section 6.
The main conclusions are given in section 7.

2 Fund Management

In this section, we brie�y describe the historical results of the Workers' Com-
pensation line of business.

The funds corresponding to the permanent disability pensions are mana-
ged by insurance companies authorised to operate general lines of business
in Portugal.

In 1997, the mathematical provisions corresponding to the underwritten
liabilities (pensions, presumed pensions and pension reinforcement) totalled
141.336 million contos6 (705 million euros).

Approximately 40 million contos (200 million euros) of provisions were
added to this �gure to cover the evolution of Workers' Compensation claims
and unearned premiums, raising the total of funds invested to approximately
181.333 million contos (904 million euros) in a portfolio of �nancial assets
composed primarily of Government and corporate bonds.

2.1 The Cash-Flows of a Workers' Compensation Fund

In general terms, we can say that the periodical cash-�ow of a Workers'
Compensation fund managed by an insurance company, calculated by the
subtractive method, is based on the following:

6 (n.b. 1 conto=1000 PTE).
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The earned premiums are equal to the written premiums, less reimburse-
ments and cancellations deducted from the unearned premiums reserve (pre-
miums to cover risks in the following year).

The technical reserve for outstanding claims is de�ned as the predicted
total of future costs of all claims having been incurred up to the date of the
balance sheet. Moreover, those claims which have been incurred, but not yet
reported (i.e. IBNR) by the date of closure of the balance sheet must also
be taken into account.

These reserves for this particular line of business can be divided in two
main categories:

1. Reserve for indemnities not related to pension payments (e.g. medical
expenses, salaries indemnities for partial disability, etc). This reserve
was calculated traditionally in the Portuguese market as a percentage
of at least 25% of the commercial premiums and handling charges in
the �nancial year, less reimbursements and cancellations;

2. The mathematical reserves corresponding to the pensions due to per-
manent disabilities. These reserves are equal to the present value of
the pensions to be paid out owing to Workers' Compensation claims,
calculated in accordance with the regulations in force.

In calculating the outstanding claim reserves provision, the expenses in-
curred in handling the claims are also to be taken into account, irrespective
of their origin.
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The problem, therefore, is to transform the technical reserves, included
in the balance sheet as a single amount, into periodical �ows.

With regard to the reserves for indemnities other than pensions (i.e. o-
perating costs, payments of allowances, medical and hospital expenses and
others) and the pension payments, this transformation is simple.

In contrast, as far as the mathematical reserves for pensions are con-
cerned, this transformation will obey a speci�c actuarial methodology.

2.2 The Market Operating Account for Workers'
Compensation Insurance

The operation of this line of business presented the following evolution during
the period analysed:

TABLE 1

Sources:

1990 - ISP, "Actividade Seguradora em Portugal 1990"

1995 - ISP, "Estatísticas de Seguros 1995"

1996 - ISP, "Estatísticas de Seguros 1996"

1997 - APS, "Relatório de Mercado 1997"
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As we can see in Table 1, the net margin of the line is always negative,
but the �nal result is always positive. This occurs because of the �nancial
gains that cover completely the operating result.

Taking the premiums as a base 100, we can con�rm that the underwriting
margin never covers the operating costs in all the period analyzed, owing
fundamentally to the technical costs and within these, to the costs of the
provision for future pensions. However, the net margin remains stable over
the last two years because of the decrease in the rate of the operating ratio.
We must stress that due to the consequences of the management of the
portfolio of �nancial assets, the �nal result more than quadruples the result
of 1990.

TABLE 2

This result is all the more striking, given that the line of business is a
social, mandatory insurance.

We stress that the bene�ciaries have no participation in the �nancial
results, other than the mandatory interest rate (6% until the end of the
Financial Year 1999).



86 P. da Silva, Cadete, Nunes, The Immunisation of a Workers' Compensation Fund

3 The Model of Deterministic Immunisation of
Workers' Compensation Pensions

One of the main purposes of this section is to assess the e�ect of the variations
of mortality and/or the interest rate on a Workers' Compensation pensions
portfolio.

This line of business is characterised by the existence of a time-lapse
between the payment of the premium by the policyholder and the dates of
payments for claims, in particular those claims which will give rise to the life
annuities which will continue to be paid even when the pensioner becomes
eligible for a State Social Security pension.

The existence of this time-lapse permits the insurance company to obtain
returns from the management of the portfolio of covering assets from the
mathematical reserves. Since the insurance contracts involve cash-�ows at
di�erent points of time, the models traditionally used in �nance are a logical
point of departure for an analysis of the immunisation problem.

To cover the liabilities derived from the life annuities, the insurance com-
pany is obliged to include in its balance sheet an amount equivalent to a single
premium corresponding to a life annuity, calculated at a technical interest
rate of 6% and in accordance with the o�cial mortality rate table.7

In this way, Workers' Compensation pensions are the equivalent of im-
mediate annuities sold by Life Insurance companies.

This equivalence makes it possible, therefore, to respect the two condi-
tions of Redington's immunisation. The �rst condition is that the duration
of the assets must be equal to that of the liabilities, and the second states
that the dispersion of the cash-�ows of the assets should be greater than the
dispersion of the cash-�ows of the liabilities.

However, in order to obtain the second condition, the majority of the
works published on the subject consider that this condition is veri�ed imme-
diately if, as proposed by Bierwag, Kaufman and Toevs [1983]8, certain rules
can be empirically proven. According to the latter authors, in order to have
immunisation, both of the following are required:

- the durations of the sub-sets of assets and those of the sub-sets of the
7 French female population for the period 1960-64.
8 Bierwag,G., Kaufman,G. and Toevs,A. (1983), Immunisation Strategies for Funding

Multiple Liabilities, Journal of Financial and Quantitative Analysis, Vol.18, Nº1.
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liabilities should be equal;

- the durations of the sub-sets of assets are respectively shorter than the
shortest term of the sub-set of the liabilities and longer than the longest
term of the sub-set of the expected liabilities.

Furthermore, taking into account the in�uence of the reinsurance, the
correction of the cash-�ows can have a decisive bearing on the �gures of
duration and convexity, since the variations of the cash-�ow derived from
reinsurance could be negatively correlated with the variation generated by
�uctuations in the interest rate, thereby neutralizing the correction.

3.1 The Assets/Liabilities Immunisation

The evaluation of the liabilities arising from the payment of life annuities
depends mainly on two factors:

- the interest rate, r, used in the calculation of the present value of the
cash-�ows;

- the probability of survival, tpx , implicit in the calculations made with
a given mortality table.

For a particular individual, if his/her life expectancy were n, he/she would
receive the series of certain annuities:

a1 r, a2 r, a3 r, · · · an r

with probability:

P (âx = an r) =

(
dx+n

lx

)
, (n ≥ 0)

Since it is a question of a random value, Pollard et al. [1969]9 de�ne the
variable moments as the moment of order r, in relation to the origin and
given by the expression:

E ((ãx)
r) =

∞∑
n=0

(an )r
(
dx+n

lx

)
9 Pollard, A., Pollard, J (1969), A Stochastic Approach to Actuarial Functions, Journal

of The Institute of Actuaries, Vol. 95, pp. 79-113 (1969).
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and the moment of order one is the value of ax.
At the outset of the process, the company's expected net present value,

according to Pollard et al, is equal to:

E

(
an −

w∑
k=0

an
dx+n

lx

)
= an − ax

with n as the life expectancy (ex) of the pensioner of initial age x.

It is demonstrated that the value of the uncertain annuity ax is always
lower than the value of the certain annuity calculated with maturity, n, equal
to the pensioner's life expectancy at age x.10

On the other hand, Jordan [1975]11 demonstrates that when there is cons-
tant change in the force of mortality, its e�ect on an annuity is equivalent
to that of the same change on the continuous interest rate. This being so,
we can treat the e�ect of the variation of the interest rate by acknowledging
that an identical variation is observed in the mortality.

In an insurance portfolio, the above expression represents the net value of
the Workers' Compensation fund, and we observe that, under the conditions
described below, this value is always positive.

Let us suppose that the �ows from the pensions portfolio of the insurance
company are covered by the �ows from a portfolio of bonds with the same
maturity.

Traditionally, the conditions required to ensure the perfect match between
assets and liabilities are associated with Redington's results [1952]. A brief
description of these is now presented.

(1) The present value (PV ) of both assets and liabilities needs to be equal,
which means

V A = V L

where V A =
∫∞

0
AT e

−rTdT , V L =
∫∞

0
LT e

−rTdT and r represents the �at
discount rate under continuous compounding and a deterministic interest
rate setting.

So, the pro�t is equal to the value of the assets from which the value of the
liabilities has been deducted. The pro�t is designated by S(r) = A(r)−L(r)
.

10 cf. Neil, A. (1989), Life Contingencies, The Institute of Actuaries.
11 Jordan, C. (1975). Life Contingencies. Society of Actuaries.
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By using a Taylor series expansion to determine the impact of small
changes of r on the PV of assets and liabilities, Redington proves that as
long as:

(2)
∂V A

∂r
=
∂V L

∂r
(Duration)

(3) and
∂2V A

∂r2
>
∂2V L

∂r2
(Convexity) ,

the PV of the assets will remain higher than that of the liabilities. It is im-
portant to note that by using standard duration and convexity, the previous
conditions only ensure a perfect match between assets and liabilities under
parallel shifts of the yield curve. In this situation, only the level risk is o�set
(this case is often mentioned as the portfolio dedication in the literature on
the subject).

Referring to Bierwag [1987]12, it is proven that when n ≥ 0, the derivative

dS

dr
= −v

(
n∑
t=1

t · CF · (1 + r)−t −
∞∑
t=1

t · CF · (1 + r)−ttpx

)
is nil when the probability is one, by which Redington's �rst condition of
immunisation is respected, that is:

DA · an = DL · ax

with

DA = Duration of assets
DL = Duration of liabilities

The second condition of immunisation is also veri�ed, since the second

derivative is positive whenDA = DL

(
L

A

)
and (−IL+ IA+DL2 −DA2) ≥ 0:

d2S

di2
= υ2 · (DA · A−DL · L− IL+ IA+DL2 −DA2) ≥ 0

If the two conditions are satis�ed, it is proven that there are arbitrage
pro�ts derived from the e�ective structure of the interest rate (cf. [20]13)

12 Bierwag, G. (1987), Duration Analysis, Ballinger Publishing Company.
13 Shiu, E. (1987), “Asset/Liability Management: From Immunisation to Option Pricing

Theory in Financial Management of Life Insurance Companies”. Ed. by Cummins and
Lamm-Tennant.
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since, using the Taylor series expansion, the following is obtained:

S(r + ∆r) = S(r) + S ′(r)∆δ +
1

2
S ′′(r)(∆r)2

As S ′′(r) > 0 thus S(r + ∆r) > S(r).

3.2 Empirical Application of the Deterministic Model

The model was applied to the Workers' Compensation pensions portfolio
data of an insurance company that has a 3% share of this line of business,
operating in the Portuguese market in the Financial Year 1998, embracing
all the pensions which were initiated in that year, or in the preceding years.

The projection was made of the future cash-out�ows (pensions) for a
ten-year period for all the liabilities in force.

The corresponding portfolio of �nancial assets is created with the sum of
the mathematical provisions, this being the stock of assets re-evaluated at
market prices at the end of each year.

3.3 The Portfolio of Pensions Liabilities

The structure of the pensioners' portfolio in Workers' Compensation accor-
ding to age classi�cation was as follows, over the last three years in the
operating account:

TABLE 3
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The mathematical provisions constituted to cover the liabilities of the
pensions to be paid, according to the age groups, were as follows over the
last three years:

TABLE 4

Appendix I presents a table of the evolution of the mathematical provi-
sions and the pensions to be paid to Workers' Compensation pensioners as
of 31.12.98 until 200914, calculated on a basis of all the pensioners registered
on 31.12.98 and taking into account the mortality of the pensioners in each
year according to the Mortality Table TV 73/77, with a technical interest
rate of 6%.

3.4 The Cash-Flows of Financial Assets and Liabilities

The portfolio cash-�ow of �nancial assets of the insurance company to cover
the liabilities of the Workers' Compensation line was as follows:

14 This is due to the portfolio of assets we used to cover the liabilities.
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TABLE 5

As can be observed, the initial net value of the fund is 465.745.992 PTE.

3.5 The Assets/ Liabilities Immunisation

The durations15 of the liability and asset cash-�ows and the respective dis-
persions are presented in the following table:

TABLE 6

So, we can con�rm that, in the case of the deterministic model, the
fund is immunised because the two conditions mentioned in section 3.2, i.e.
V A ·DA ≥ V L ·DL and IA ≥ IL are veri�ed. This means that the net
value due to the variations of the interest rate is always positive.

15 The duration and the convexity of the liabilities were calculated for the total number
of pensioners on 31 December 1998, taking into account the mortality of the pensioners
in each year, according to the Mortality Table TV 73/77, with a technical (mandatory)
interest rate of 6%.
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4 The Stochastic Approach

4.1 Cox, Ingersoll and Ross (1985) and Longsta� and
Schwartz (1992) models.

We will now evaluate the impact on the net present value of the insurance
liabilities of the assumption that interest rates follow a stochastic process. In
this sense, the �rst point that needs to be established relates to the choice
of the stochastic models to be implemented. In the early 1980s, one of
the best known models to explain the term structure of interest rates was
Cox, Ingersoll and Ross [CIR (1985)]. The main assumption behind this
model is that the volatility of the short rate increases with the square root
of the level of the rate. Taking this formulation into account, the existence of
negative interest rates is excluded from the set of the model results and more
variability is allowed at times of high interest rates and less variability when
rates are low. The stochastic process followed by the short-term interest rate
(“r”) under the CIR model is:

dr = α(r − r)dt+ σ
√
r dz

which implies that the general solution for pure discount bond prices, spot
yields and their volatility structure are, respectively:

P (r, τ) = A(τ)e−B(τ)r,

Y (τ) = − lnA(τ)

τ
+
B(τ)

τ
,

σR(τ) =
σ
√
r

τ
B(τ),

where

τ = s−t, A(τ) =

(
φ1e

φ2(τ)

φ2 (eφ1(τ) − 1) + φ1

)φ3

, B(τ) =

(
eφ1(τ) − 1

φ2 (eφ1(τ) − 1) + φ1

)
,

φ1 ≡
√
α2 + 2σ2, φ2 ≡

(α + φ1)

2
, φ3 ≡

2αr

σ2
.
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Despite the fact that the CIR model continues to be widely used at the
present time, there are strong constraints on it. The most important of
these relates to the incapacity of the model to �t di�erent types of shapes
for the yield curve. Given its functional form, especially its limited number
of degrees of freedom, the CIR model presents only a good �t for upward
term structures of interest rates. In fact, this is the main reason why this
model has been so widely used over the last decade by European core mar-
kets, but not on the peripheral markets (for further details see Rebonato
[1997] Chapter 9). Since the current yield curve for Euroland rates allows its
projection, we decided to use this. Nevertheless, our main aim in using the
CIR model was to compare its outcomes with those which we obtained from
the Longsta� and Schwartz model (L&S) [1992]. This second model can be
seen as an extension of the CIR model given that it uses two state variables.
All the latest theoretical developments to explain the dynamics of the yield
curve suggest the existence of three important explanatory variables: level,
slope and curvature risks. According to the principal component analysis
(PCA), these variables will correspond directly to the �rst, second and third
components, which, in most cases, explains roughly 99% of the yield curve
volatility. On the strength of these arguments, we found good support for
the implementation of a two-factor model, such as that of Longsta� and
Schwartz [1992]. Furthermore, given the high number of degrees of freedom
presented by L&S' closed-form solution for the price of pure discount bonds,
this model �ts perfectly well across di�erent yield curve shapes.

The L&S model originates from a general equilibrium framework where
the short-term rate r is de�ned by r = αx + βy with α 6= β. Alongside
this, the short rate volatility ν is given by ν = α2x+ β2y. Finally, the state
variables x and y follow the stochastic di�erential equations presented below:

dx = (y − dx)dt+
√
x dz1

dy = (η − θy)dt+
√
x dz2

Combining these two equations with the identity for r and ν allows the
authors to determine the processes for r and ν and to reach the following
closed-form solution for the price of pure discount bonds:

P (r, ν, τ) = A2y(τ)B2η(τ)e(kτ+C(τ)r+D(τ)ν) ,

where
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τ = s− t

A(τ) =
2φ

(δ + φ)(eφτ) − 1) + 2φ

B(τ) =
2ψ

(θ + ψ)(eψτ) − 1) + 2ψ

C(τ) =
αφ(e(ψτ) − 1) B(τ)− βψ(e(φτ) − 1) A(τ)

φψ(β − α)

D(τ) =
ψ(e(φτ) − 1) A(τ)− φ(e(ψτ) − 1) B(τ)

φψ(β − α)

and

θ = ξ + λ, φ =
√

2α + δ2, ψ =
√

2β + θ2, κ = γ(δ + φ) + η(θ + ψ).

The yield of a bond maturing in T, Y (T ) , is simply obtained as:

Y (T ) = − log(P (T ))

T

= −
(
κT + 2γlogA(T ) + 2ηlogB(T ) + C(T )r +D(T )v

T

)
Finally, the instantaneous volatility of a bond return is given by:

σR(τ) =
1

τ

[(
αβψ2(eφτ − 1)2A2(τ)− αβ(eψτ − 1)2B2(τ)

φ2ψ2(β − α)

)
r + · · ·

· · ·+
(
βφ2(eψτ − 1)2B2(τ)− αψ2(eφτ − 1)2A2(τ)

φ2ψ2(β − α)

)
v

] 1
2
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4.2 Matching of Assets and Liabilities under CIR and
L&S Models

In a stochastic interest rate environment, only the �rst order conditions (de-
�ned in terms of “stochastic durations”) are relevant for formulating immu-
nisation rules. In order to generalize the analysis, while encompassing the
previously two-term structure models as special cases, the short-term interest
rate, r, is de�ned as an a�ne function of a Markovian vector X ∈ <n of n
state variables:

r = f +G′ ·X,

where f ∈ < and G ∈ < are model parameters to be estimated, and “ · ”
denotes the inner product in <n. Let us further assume that, under the
probability space (Ω,<, Q), the state vector satis�es the following stochastic
di�erential equation (SDE):

dX = µ(X)dt+ σ(X) · dWQ ,

where µ ∈ <n and σ(X) ∈ <n×n satisfy the usual Lipschitz and growth con-
ditions required for a strong solution to exist, while WQ ∈ <n is a standard,
Q-measured Brownian motion. The martingale measure Q is obtained when
the “money-market account” is taken as the numeraire of the inter-temporal
stochastic economy under analysis, and it is assumed to exist.16 From Du�e
and Kan (1996), it is well understood that pure discount bond prices are
only exponential-a�ne if, and only if, both the drift and the instantaneous
variance of the above di�usion process are written as a�ne functions of the
state vector, i.e:

µ(X) = a ·X + b ,

and
σ(X) =

∑
× diag {

√
v1, · · · ,

√
vn}

where a,
∑
∈ <n×n, b ∈ <n , and

vi = αi + βi
′ ·X , i = 1, · · · , n ,

with αi ∈ < and βi ∈ <n. Note, for instance, that the Longsta� and Schwartz
(1992) model can be �tted into the Du�e and Kan (1996) framework through

16 That is, the market is assumed to be arbitrage-free.
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the following restrictions: n = 2, f = 0, matrix “a” is diagonal, matrix
∑

is
a (2x2) identity matrix, αi = 0,∀i and βi is a vector of zeros except for its ith
entry which is equal to one. The CIR model can also be �tted into the Du�e
and Kan (1996) speci�cations, since this is the most general formulation for
the a�ne class of term structure models.

Taking into account the general SDE satis�ed by the state-vector, and
applying Itô's lemma to the present value of both assets (VA) and liabilities
(VL), it follows that17

dV A = r × V A× dt+
∂V A

∂X ′
· σ(X) · dWQ

and

dV L = r × V L× dt+
∂V L

∂X ′
· σ(X) · dWQ .

Joining the previous two equations, we obtain the dynamics of the �nan-
cial institution rate of return:

dV A

V A
− dV L

V L
=

(
∂V A

∂X ′
1

V A
− ∂V L

∂X ′
1

V L

)
· σ(X) · dWQ .

It is then clear that, starting from perfect matching between assets and
liabilities, i.e., with V A = V L, the immunisation against interest rate risk is
obtained if the instantaneous variance is equal to zero, that is, if:∥∥∥∥ 1

V A

∂V A

∂X ′
· σ(X)

∥∥∥∥2

=

∥∥∥∥ 1

V L

∂V L

∂X ′
· σ(X)

∥∥∥∥2

,

where ‖ ·‖ represents the Euclidean norm in Ren. Hence, hedging against in-
terest rate risk involves matching the assets and liabilities sensitivities with

respect to each model factor. The vectors
∂V A

∂X ′
1

V A
and

∂V L

∂X ′
1

V L
are

usually known as the “stochastic durations” of assets and liabilities, respec-
tively. Each element of such stochastic duration vectors is easily shown to
correspond to a weighted average of the stochastic durations of its assets or
liabilities components, with respect to a model state variable. Therefore, all
that it is required is to know how to compute each stochastic duration for a

17 The drift speci�cation is a direct consequence of Q being a martingale measure.
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discount factor. In the CIR model,
∂P (r, τ)

∂r
= −P (r, τ)B(τ). In the L&S

model,
∂P (r, v, τ)

∂r
= P (r, v, τ)C(τ) and

∂P (r, v, τ)

∂v
= P (r, v, τ)D(τ) .

In order to assign a temporal dimension to the above-speci�ed stochastic
durations, as well as to maintain consistency with the deterministic analysis
made in section 3, the empirical analysis that will follow uses the stochas-
tic duration de�nition of Munk (1999). That is, the stochastic duration of
any asset or liability is rewritten as the time-to-maturity of a pure discount
bond, with the same instantaneous variance of relative price changes. This
measure is then directly compared with the Macaulay durations computed
in section 3.

5 Data and Methodology

After the presentation of the theoretical background required for our study,
the next stage was to estimate the parameters of the CIR and L&S models.
As the benchmarks for Euroland interest rates, we used the O/N, 1-m, 3-m,
6-m, 1-yr Euribor rates and prices of German tradable debt on the following
dates: 3 April and 7 November 1999. These dates were chosen because the
European Central Bank changed its repo rate by 50bp, respectively, by a
cut and a raise. In order to ensure the quality of the �tness, we considered
only a 10-year investment horizon, which does not change the validity of the
conclusions. All estimation routines were carried out through an adjustment
to the dirty prices of the bonds and not in yield-to-maturity terms. This
procedure obliged us to create synthetic assets for the Euribor rates. For both
models, the parameters were estimated using non-linear least squares and no
additional constraints were imposed, besides those strictly needed for the
achievement of consistent theoretical solutions (and their implementation).
The CIR model only requires that all parameters need to be positive and that
α+ β < 1. However, the parameterisation of the L&S model is substantially
more di�cult. The model has 9 parameters, the two state variables r and v
plus 7 parameters, α, β, γ, η, δ, λ and ξ. Because of convergence di�culties,
we followed the same procedures that Dahlquist and Svensson [1996] adopted
to resolve this problem. Since the state variable associated with the short-
term rate, r, can be associated to the overnight rate, the restriction that


